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Foliated Lie and Courant Algebroids
by
Izu Vaisman
ABSTRACT. If A is a Lie algebroid over a foliated manifold (M,F), a foliation of A is
a Lie subalgebroid B with anchor image TF and such that A/B is locally equivalent with
Lie algebroids over the slice manifolds of F . We give several examples and, for foliated Lie
algebroids, we discuss the following subjects: the dual Poisson structure and Vaintrob’s super-
vector field, cohomology and deformations of the foliation, integration to a Lie groupoid. In
the last section, we define a corresponding notion of a foliation of a Courant algebroid A as a
bracket-closed, isotropic subbundle B with anchor image TF and such that B⊥/B is locally
equivalent with Courant algebroids over the slice manifolds of F . Examples that motivate
the definition are given.
The main categories of interest for Differential Geometry are the C∞ category
and the complex analytic category. However, there also is a significant interest
in the category of foliated manifolds. On the other hand, in the last thirty
years Lie algebroids became a central theme of differential-geometric research,
usually within the framework of the C∞ category. Recently, a general study
of holomorphic Lie algebroids has also been done (see [9, 10]). The aim of the
present paper is to start a similar study of Lie algebroids in the C∞-foliated
category.
Essentially, we will say that a Lie subalgebroid B is a foliation of the Lie
algebroid A over the foliated manifold (M,F) if the anchor image of B is TF
and A/B is locally equivalent with Lie algebroids over the slice manifolds of
F . In Section 1, after giving the precise definitions and first properties, we
discuss several examples of foliated Lie algebroids (A,B): classical foliations,
transitive foliations that correspond to foliated principal bundles, foliated Dirac
structures, etc. In Section 2, we show that the tangent Lie algebroid of a
foliated Lie algebroid is a foliated Lie algebroid. In Section 3, we establish the
characteristic properties of the dual Poisson structure and of Vaintrob’s super-
vector field of a foliated Lie algebroid. In Section 4, we define the cohomological
spectral sequence of a foliated Lie algebroid and prove a Poincare´ lemma in a
particular case. Then, we define deformations of a foliation B of A and prove
the existence of corresponding, cohomological, infinitesimal deformations. In
*2000 Mathematics Subject Classification: 53C12, 53D17 .
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Section 5, we show that, if A is integrable to a Lie groupoid G and B is a
foliation of A, G has a foliation G such that the restriction of the construction
of the Lie algebroid of A to the leaves of G produces the Lie subalgebroid B.
Finally, in Section 6, we give a corresponding definition of foliated Courant
algebroids. With a notation similar to the above, in the Courant case we will
ask B to be a bracket-closed, isotropic subbundle of the Courant algebroid A,
with anchor image TF , such that B⊥/B is locally equivalent with Courant
algebroids over the slice manifolds of F . A usual foliation is a foliation of the
Courant algebroid TM ⊕ T ∗M in this sense.
In the whole paper, we will use the Einstein summation convention.
1 Definitions and examples
We begin by recalling some basic facts concerning foliations; the reader may
find details in [18]. Consider an m-dimensional manifold M endowed with a
C∞-foliation F with n-dimensional leaves and codimension k = m− n. Then,
each point has local adapted coordinates (xa, yu) (a, b, ... = 1, ..., k; u = 1, ..., n),
with origin-centered, rectangular range, such that the local equations of F are
xa = const. and yu are leaf-wise coordinates. The foliation has the following,
associated exact sequence of vector bundles
(1.1) 0→ TF
ι
→ TM
ψ
→ νF → 0,
where TF is the tangent bundle of the leaves, which will also be denoted by F ,
and νF = TM/F is the transversal bundle of the foliation.
A mapping ϕ : (M1,F1) → (M2,F2) between two foliated manifolds is a
foliated mapping if it sends leaves of F1 into leaves of F2. The local equations
of such a map are of the form
(1.2) xa22 = x
a2
2 (x
a1
1 ), y
u2
2 = y
u2
2 (x
a1
1 , y
u1
1 ).
The mapping ϕ is called a leaf-wise immersion, submersion, local diffeomor-
phism if the morphism induced by its differential ϕ∗ between the tangent bun-
dles TF1, TF2 is an injection, surjection, isomorphism, respectively. There also
exists a similar notion of a transversal immersion, submersion, local diffeomor-
phism that refers to the transversal bundles νF1, νF2.
Let πP→M : P → (M,F) (notice our notation for projections of bundles
onto the base manifold; the index of π will be omitted if no confusion is feared)
be a principal G-bundle over the foliated manifold (M,F). P is a foliated bundle
if it is endowed with a foliation FP that satisfies the conditions:
(i) TFP has a trivial intersection with the tangent spaces of the fibers (i.e.,
the intersection is equal to 0 and TFP is “horizontal”),
(ii) FP is invariant by G-right translations,
(iii) the projection π is a foliated leaf-wise submersion.
In fact, because of (ii) π induces a covering map between the leaves of FP
and the corresponding leaves of F . Equivalently, a foliated principal bundle
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may be characterized by an atlas of local trivializations with G-valued, foliated
transition functions where G is foliated by points. A foliated principal bundle
P may be seen as the glue-up of pullbacks of G-principal bundles on the local
transversal manifolds of the leaves of F .
The associated bundles of a foliated principal bundle are called foliated bun-
dles too; they also have an induced foliation with leaves that cover the leaves of
F . Accordingly, a vector bundle is foliated if the corresponding principal bun-
dle of frames is foliated. It follows that a foliated structure on a vector bundle
π : A → M is a maximal local-trivialization atlas, defined on neighborhoods
{U}, where the local bases (bi) are related by matrices of F -foliated functions.
Then, A has the F -covering foliation FA and a cross section s of A is foliated
if the corresponding mapping s : (M,F) → (A,FA) is foliated. Over a triv-
ializing neighborhood U we have s = αibi where α
i are F -foliated functions.
Furthermore, we have a sheaf ΦF(A) of germs of foliated cross-sections, which
is a locally free sheaf-module over the sheaf ΦF of germs of foliated functions
on M and which spans the sheaf Φ(A) of germs of cross sections of A over
C∞(M). Using the fact that Φ(A) is a locally free sheaf it follows that every
subsheaf ΦF (A) ⊆ Φ(A) that is a locally free sheaf-module over ΦF and spans
Φ(A) yields a well defined foliated structure on A. Indeed, let ai be a basis of
local cross sections of A. Since ΦF (A) spans Φ(A), we have ai =
∑
βλαbλ with
the germs of bλ ∈ ΦF (A). The total number of elements bλ is finite and an
independent subsystem may be used as a foliated local basis. Two such bases
are related by foliated transition functions.
A foliated structure of A may be identified with a family of vector bundles
AQU over quotient spaces QU = U/U∩F such that A|U = π
−1
U→QU
(AQU ) ({U} is
an open covering of M and π−1 denotes bundle pullback). Conversely, a family
{AQU } defines a foliated bundle A if π
−1
U→QU
(AQU |U∩V ) = π
−1
V→QV
(AQV |U∩V ).
If F consists of the fibers of a submersionM → Q, and if these fibers are assumed
to be connected and simply connected, then a foliated bundle A over M is the
pullback of a projected bundle AQ → Q (see Lemma 2.5 and Proposition 2.7 of
[18]).
Finally, a foliated morphism φ : E1 → E2 between two foliated vector bundles
over the same basis (M,F) is a vector bundle morphism that sends foliated cross
sections to foliated cross sections.
The most important example of a foliated vector bundle is the transversal
bundle νF of the foliation F . Notice that the foliated cross sections s ∈ ΓfolνF
act on foliated functions f ∈ C∞fol(M,F) (the index “fol” is a shortcut for
“foliated”) by s(f) = Xf ∈ C∞fol(M,F), for every X such that s = [X ]mod. F
(s(f) is well defined since X is a foliated vector field, i.e., a foliated cross section
X : (M,F) → (TM, TF)). Furthermore, on the space ΓfolνF , there exists a
well defined Lie algebra bracket
(1.3) [[X1]mod. F , [X2]mod. F ]νF = [X1, X2]mod. F
induced by the Lie bracket of the corresponding foliated vector fields.
Accordingly, the definition of a Lie algebroid suggests the following defini-
tion.
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Definition 1.1. An F -transversal-Lie algebroid over (M,F) is a foliated bundle
E endowed with a Lie algebra bracket [ , ]E on ΓfolE and a foliated, transversal
anchor morphism ♯E : E → νF such that
1) ♯E [e1, e2]E = [♯Ee1, ♯Ee2]νF , ∀e1, e2 ∈ ΓfolE,
2) [e1, fe2]E = f [e1, e2]E + (♯Ee1(f))e2, ∀e1, e2 ∈ ΓfolE, f ∈ C
∞
fol(M).
The symbols ♯, [ , ] will be used for any transversal-Lie and Lie algebroid
while the index that denotes the bundle will be omitted if there is no risk of
confusion. Notice also that we may not ask the morphism ♯E to be foliated,
a priori; this follows from condition 2), which implies ♯e1(f) ∈ C
∞
fol(M,F),
∀f ∈ C∞fol(M,F). The following result is obvious
Proposition 1.1. If E is a transversal-Lie algebroid over (M,F), νF projects
to the tangent bundles of the local quotient spaces QU of F and the local projected
bundles {EQU } are Lie algebroids. In the case of a submersion M → Q with
connected and simply connected fibers, E → M projects to a Lie algebroid over
Q.
A transversal-Lie algebroid is not a Lie algebroid, and we shall define the
notion of a foliated Lie algebroid as follows.
If A is a Lie algebroid over (M,F) and if B is a Lie subalgebroid, a cross
section a ∈ ΓA will be called a B-foliated cross section if [b, a]A ∈ ΓB, ∀b ∈ ΓB.
The correctness of this definition follows from the fact that [b, a]A ∈ ΓB implies
[fb, a]A = f [b, a]A − (♯Aa(f))b ∈ ΓB. We shall denote by ΓBA the space of
B-foliated cross sections of A. The Jacobi identity shows that the space ΓBA
is closed by A-brackets. If ♯A(B) ⊆ TF then, ∀a ∈ ΓBA and ∀f ∈ C
∞
fol(M,F),
we have [b, fa]A ∈ ΓBA. Now, we give the following definition
Definition 1.2. If A is a Lie algebroid on (M,F), a foliation of A over F
is a Lie subalgebroid B ⊆ A that satisfies the following two conditions: 1)
♯A(B) = F , 2) locally, ΓA is spanned by ΓBA over C
∞(M) (this is called the
foliated-generation condition). A pair (A,B) as above will be called a foliated
Lie algebroid. If ♯A : B → F is a vector bundle isomorphism, (A,B) is a
minimally foliated Lie algebroid.
Remark 1.1. The condition that B is closed by A-brackets may be replaced by
the Frobenius condition: ∀α ∈ annB, the A-exterior differential dAα belongs
to the ideal of A-forms generated by annB.
Lemma 1.1. If B is a foliation of A and C is a complementary subbundle of B
in A (A = B ⊕ C), ΓC has local bases that consist of B-foliated cross sections
of A.
Proof. Let (ch) be a local basis of ΓC over an open neighborhood U ⊆ M . By
the foliated-generation condition we have
ch = γ
u
ha(h)u = γ
u
hprCa(h)u,
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where γuh are differentiable functions and a(h)u, therefore, prCa(h)u too, are local
B-foliated cross sections of A. Since the set {prCa(h)u} is finite, after shrinking
the neighborhood U as necessary, there exists a subset of linearly independent,
local cross sections {prCav} such that ch = λ
v
havprCav. This subset obviously
is the required local basis of ΓC.
Remark 1.2. The complementary subbundle C may have elements with pro-
jection in F since we did not ask B = ♯−1A (F ). On the other hand, by condition
1) of Definition 1.2, there exist decompositions B = ker ♯B ⊕ P where P is a
subbundle of B.
Proposition 1.2. If B is a foliation of the Lie algebroid A, then the vector
bundle E = A/B is a transversal-Lie algebroid on (M,F).
Proof. Consider a decomposition A = B ⊕C and take B-foliated local bases of
C over an open covering {U} of M , which exist by Lemma 1.1. Let a˜v = λ
w
v aw
be a transition between two such bases and take the bracket by b ∈ ΓB. We
get (♯b)λvu = 0 and, since ♯(B) = F , the functions λ
v
u must be F -foliated. Thus,
C has an induced foliated structure, which transfers to A/B ≈ C. We notice
that [a]mod.B ∈ Γfol(A/B) if and only if a ∈ ΓBA. Furthermore, the bracket of
B-foliated cross sections of A, which is B-foliated too, descends to a well defined
Lie bracket on ΓfolE. Finally, the anchor ♯A induces an anchor ♯E : E → νF
as required by Definition 1.1. The fact that ♯E is a foliated morphism may be
justified as in the observation that follows Definition 1.1. Alternatively, we can
see that, ∀a ∈ ΓBA, ♯Aa is a foliated vector field on (M,F) as follows: condition
1) of Definition 1.2 shows that a vector field Y ∈ ΓF is of the form Y = ♯Ab,
b ∈ ΓB, hence,
[Y, ♯Aa]A = [♯Ab, ♯Aa]A = ♯A[b, a] ∈ ΓF,
which is the required property.
Corollary 1.1. A foliated Lie algebroid (A,B) over (M,F) produces a com-
mutative diagram
(1.4)
0 → B
j
→ A
σ
→ E → 0
♯B ↓ ♯A ↓ ♯E ↓
0 → TF
ι
→ TM
ψ
→ νF → 0
where the lines are exact sequences of vector bundles.
Definition 1.3. If the transversal-Lie algebroid E is foliately equivalent with
a quotient A/B where (A,B) is a foliated Lie algebroid, then E may be placed
in a diagram (1.4) and A will be called an extension of E. An extension of E
such that B ≈ F will be called a minimal extension.
In what follows we give several examples of foliated Lie algebroids.
Example 1.1. For any foliation F of a manifold M , TF is a foliation of the
Lie algebroid TM .
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Example 1.2. If a Lie algebroid A has a regular subalgebroid B, M has the
foliation F such that F = ♯(B). Then, (A,B) is a foliated Lie algebroid if the
foliated-generation condition is satisfied. For instance, if A is regular, we may
take B = A and the foliated-generation condition is trivially satisfied. Another
obvious example is that of a regular subalgebroid B such that B ⊆ ker ♯A. Then
B is a foliation of A over the foliation of M by points. For instance, let J1A be
the first jet Lie algebroid of A defined in [5]. It is well known that one has the
exact sequence
(1.5) 0→ Hom(TM,A)
⊆
→ J1A
π
→ A→ 0,
where π(j1xa) = a(x) (x ∈ M,a ∈ ΓA) is a Lie algebroid morphism, therefore,
ker π = Hom(TM,A) is a regular Lie subalgebroid of J1A. This subalgebroid
is included in ker ♯J1A because j
1
xa ∈ ker πx implies ♯J1A(j
1
xa) = ♯A(a(x)) = 0
(the equality ♯J1A(j
1
xa) = ♯Aa(x) is a part of the definition given in [5]). Thus,
Hom(TM,A) is a foliation of J1A over the points of M .
Example 1.3. The typical example of a transitive Lie algebroid is A = TP/G,
where π : P → M is a principal bundle of structure group G over M and the
quotient is the space of the orbits of TP by the action of the differential of the
right action of G on P . The cross sections of A may be identified with right-
invariant vector fields on P , which allows to define the bracket, and the anchor
is induced by π∗ : TP → TM [15]. Now, assume that M has the foliation F
and P is a foliated principal bundle with the covering foliation FP of F . Then,
we get a Lie subalgebroid B = TFP /G ⊆ A such that the restriction of the
anchor of A to B has the image TF . The foliated-generation condition of A
with respect to B is satisfied because it is satisfied for TP with respect to TFP
and A/B = (TP/T Fˆ)/G. Therefore, (A,B) is a foliated Lie algebroid.
Example 1.4. Following [15], if P is the bundle of frames of a vector bundle
π : E → M , Example 1.3 has the following equivalent form. Let A be the
transitive Lie algebroid D(E) whose cross sections are the linear differential
operators ΓE → ΓE of order≤ 1. The bracket is the commutant of the operators
and the anchor is defined by the symbol of the operator. In the presence of a
foliation F onM and if we assume E to be foliated, D(E) has a Lie subalgebroid
B = DF (E) defined by the operators whose symbol is a vector field tangent to
F (DF (E) is commutant closed since F = TF is closed by Lie brackets), and
the anchor sends B onto the tangent bundle F : if Y ∈ ΓF , we get an operator
D of symbol Y by putting Ds = 0 for s ∈ Γfol(E) and
(1.6) Dt =
∑
(Y fi)si, ∀t =
∑
fisi, si ∈ ΓfolE, fi ∈ C
∞(M)
(the definition is correct since if s ∈ Γfol(E) and f ∈ C
∞
fol(M,F) (1.6) gives
D(fs) = 0). The foliated-generation condition is satisfied too. Indeed, an
operator of symbol X is of the form D = ∇X + φ, where ∇ is a covariant
derivative and φ ∈ End(E), therefore, φ ∈ DF(E). The operator D is foliated
with respect to DF (E) if and only if X is foliated with respect to F and it
is known that the vector fields on M satisfy the foliated-generation condition.
Thus, the pair (A,B) considered above is a foliated Lie algebroid.
Example 1.5. Let D be a Dirac structure on (M,F) such that F ⊆ D (D is
F -projectable [25]). Then, (D,F ) is a foliated Lie algebroid. The fact that the
foliated-generation condition is satisfied was proven in [25] (where, also, concrete
examples were given). We notice that there are foliated Dirac structures where
F is strictly included in ♯−1D (F ) (♯D = prTM ). For instance,
D = F ⊕ {(♯Pα, α) / α ∈ annF},
where P is a foliated bivector field on M such that the Schouten-Nijenhuis
bracket [P, P ] vanishes on annF ([25], Example 5.1).
Example 1.6. Let D be a regular Dirac structure on M with the (regular)
characteristic foliation E , E = TE = prTMD and let F be a subfoliation of E .
Put
DF = D ∩ (F ⊕ T
∗M).
Notice that the mapping ψ : D/DF(x) → E/F (x) given by [(X, ξ)]mod.DF 7→
[X ]mod. F is an isomorphism of vector spaces ∀x ∈ M . The existence of this
isomorphism shows that dimDF(x) = const. Hence, DF is a vector subbundle
ofD, which obviously is a Lie subalgebroid ofD with anchor image F . Moreover,
since F is a subfoliation of E , the vector bundle E/F is F -foliated and so is
its isomorphic image D/DF . This shows that the pair (D,DF) satisfies the
foliated-generation condition and is a foliated Lie algebroid.
Proposition 1.3. For any transversal-Lie algebroid E over the foliated mani-
fold (M,F) and any lift ρ : E → TM of ♯E (ψ ◦ ρ = ♯E , ψ = prνF ) there exists
a canonical minimal extension (A0, ♯0, [ , ]0) with A0 = F ⊕ E, ♯0 = Id+ ρ and
(1.7)
[Y1, Y2]0 = [Y1, Y2], [Y, e]0 = [Y, ρe], [e, Y ]0 = [ρe, Y ]
[e1, e2]0 = ([ρe1, ρe2]− ρ[e1, e2]E) + [e1, e2]E ,
∀Y, Y1, Y2 ∈ ΓF , ∀e, e1, e2 ∈ ΓfolE, where the non-indexed brackets are Lie
brackets of vector fields. Conversely, for any minimal extension A of E, there
exists a lift ρ such that A is isomorphic to a twisted form of the canonical
extension of E by F .
Proof. The qualification “twisted” is similar to that used in the notion of a
twisted Dirac structure and its exact meaning will appear at the end of the
proof. We shall use the content and notation of diagram (1.4), which includes
the mapping ψ = prνF . Notice that a lift ρ has the property that ρe is a foliated
vector field ∀e ∈ ΓfolE. If we extend (1.7) by
[Y, fe]0 = f [Y, ρe] + (Y f)e, [e1, fe2]0 = f [e1, e2]0 + ρe1(f)e2,
∀f ∈ C∞(M), we get a skew-symmetric bracket on ΓA0. It is easy to see that
the extension is compatible with (1.7) for f ∈ C∞fol(M,F). Also, straightfor-
ward calculations show that the axioms of a Lie algebroid, including the Jacobi
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identity, are satisfied on arguments Y ∈ ΓF, e ∈ ΓfolE. Since these types of
cross sections locally generate ΓA0, this proves the existence of the canonical
extension. Notice that, for E = νF , ρ is a splitting of the lower line of (1.4)
and, if we identify F⊕ ≈ F ⊕ im ρ = TM , the previous construction yields the
standard Lie algebroid structure of TM .
For the converse, we start with diagram (1.4), which yields A = φ(F )⊕τ(E)
where φ : F ≈ B, φ−1 = ♯B (φ exists because the extension is minimal) and
τ : E → A is a splitting of the upper exact sequence of the diagram (σ◦τ = Id).
Then, we consider the lift ρ = ♯A ◦ τ , which implies ♯A = φ
−1 + ρ ◦ σ. As for
the brackets, we must have
φ−1[φY1, φY2]A = ♯A[φY1, φY2]A = [♯AφY1, ♯AφY2] = [Y1, Y2],
i.e., [φY1, φY2]A = φ[Y1, Y2]. Then, since σ[φY, τe]A = [σφY, στe]E = 0, [φY, τe]A ∈
ΓB and
φ−1[φY, τe]A = ♯A[φY, τe]A = [Y, ♯Aτe] ⇔ [φY, τe]A = φ[Y, ρe], ∀e ∈ ΓfolE.
Finally, for e1, e2 ∈ ΓfolE, we have
♯A[τe1, τe2]A − ρ[e1, e2]E = [ρe1, ρe2]− ρ[e1, e2]E ∈ ΓF
because, if we apply ψ to the right hand side of the equality, we get
ψ[ρe1, ρe2]− ♯E [e1, e2]E = [ψρe1, ψρe2]νF − ♯E [e1, e2]E
= [♯Ee1, ♯Ee2]νF − ♯E [e1, e2]E = 0
by the axioms of a transversal-Lie algebroid. Now, we notice that, if a ∈ A,
♯Aa ∈ ΓF if and only if a = φY + τe where e ∈ ker ♯E ; indeed, by the commu-
tativity of diagram (1.4), ψ♯Aτ(e) = 0 is equivalent to ♯Ee = 0. This fact and
the previous observation justify the formula
(1.8) [τe1, τe2]A = ([τe1, τe2]A − τ [e1, e2]E) + τ [e1, e2]E
= [φ([ρe1, ρe2]− ρ[e1, e2]E) + τ(λ(e1, e2))] + τ [e1, e2]E ,
where λ : ∧2E → E is a 2-form with values in the kernel of ♯E . Therefore,
A is isomorphic by φ + τ to the canonical extension of E by F twisted by the
addition of the form λ. The latter must also be asked to satisfy conditions that
ensure the Jacobi identity.
Remark 1.3. In [3] the authors define a reduction of Lie algebroids that, es-
sentially, is a projection along the fibers of a surjective submersion π :M →M ′.
Namely, A → M reduces to A′ → M ′ if there exists a Lie algebroid morphism
[15] (Π : A → A′, π : M → M ′). One can see that, if B is a foliation of A over
the foliation of M by the fibers of π and if the fibers are connected and simply
connected, then A reduces to A′ defined by A/B = π−1A′.
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2 The tangent Lie algebroid
In this section we will show that the tangent Lie algebroid of a foliated Lie
algebroid (A,B) over a foliated manifold (M,F) has a natural structure of
a foliated Lie algebroid over (TM, TF). For this purpose, we formulate the
definition of the tangent Lie algebroid of a Lie algebroid [16] in a suitable (but,
not new) form.
Let π : A→M be an arbitrary vector bundle. Take a neighborhood U ⊆M
with local coordinates (xi)mi=1, with the local basis (aα)
r
α=1 of ΓA (r = rankA)
and the corresponding fiber coordinates (ξα). On the intersection of two such
neighborhoods U∩U˜ , these coordinates have transition functions of the following
local form
(2.1) x˜i = x˜i(xj), ξ˜α = Θαβ(x
j)ξβ (a˜α = Ψ
γ
αaγ , Ψ
γ
αΘ
β
γ = δ
β
α).
Correspondingly, one has natural coordinates (xi, x˙i) on TUM and (x
i, ξα,
x˙i, ξ˙α) on Tπ−1UA, with the following transition functions:
(2.2) x˜i = x˜i(xj), ξ˜α = Θαβ(x
j)ξβ , ˙˜xi =
∂x˜i
∂xj
x˙j , ˙˜ξα =
∂Θαβ
∂xj
ξβ x˙j +Θαβ ξ˙
β .
Formulas (2.2) show the existence of the double vector bundle
(2.3)
TA
π∗→ TM
↓ ↓
A
π
→ M
where TA is a vector bundle over A with base coordinates (xi, ξα) and fiber
coordinates (x˙i, ξ˙α) and TA is a vector bundle over TM with base coordinates
(xi, x˙i) and fiber coordinates (ξα, ξ˙α). (Notice that the cross sections of π∗ are
not vector fields on A!)
If A = TM , the indices α, β, ... may be replaced by i, j, ... and Θij = ∂x˜
i/∂xj ,
which shows the existence of the flip diffeomorphism φ : TTM → TTM defined
by the local coordinate equations
(2.4) φ(xi, ξi, x˙i, ξ˙i) = (xi, x˙i, ξi, ξ˙i).
On the fibration TA→ A the fiber coordinates (x˙i, ξ˙α) are produced by the
local bases of cross sections (∂/∂xi, ∂/∂ξα). On the fibration π∗ : TA → TM
the fiber coordinates (ξα, ξ˙α) are produced by local bases (cα, ∂/∂ξ
α), where
the vector cα is the image of aα under the natural identification of the tangent
space of the fibers of A with the fibers themselves, which are vector spaces.
(The previous assertion is justified by checking the invariance of the expression
ξαcα + ξ˙
α(∂/∂ξα) by the coordinate transformations (2.2).) It follows that for
z ∈ TA the intersection space of the fibers of the two vector bundle structures
of TA is
(2.5) Pz = π
−1
TA→A(πTA→A(z)) ∩ (πA→M )
−1
∗ ((πA→M )∗(z)) = span
{
∂
∂ξα
}
.
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Therefore, P = ∪z∈TAPz is a vector subbundle of TA, which we call the bi-
vertical subbundle.
Furthermore, like for the tangent bundle A = TM , there are two lifting
processes of cross sections of π : A→M to cross sections of π∗ : TA→ TM .
One is the complete lift a 7→ aC = a∗, which sends the cross section a to the
differential of the mapping a : M → A. The expression of a∗ by means of the
local coordinates (xi, x˙i) on TM and (xi, x˙i, ξα, ξ˙α) on TA is
(xi, x˙i) 7→ (xi, x˙i, ξα(xi), x˙i
∂ξα
∂xi
),
where a = ξα(xi)aα, whence we get
(2.6) aC = ξαcα + x˙
i ∂ξ
α
∂xi
∂
∂ξα
.
The second lift, called the vertical lift and denoted by an upper index V , is
the isomorphism between the pullback π−1TA→A→MA of the vector bundle A to
TM and the bi-vertical subbundle P defined by
(2.7) a = ηαaα 7→ a
V = ηα
∂
∂ξα
.
(Formulas (2.1) show that the bases (aα) and (∂/∂ξ
α) have the same transition
functions.)
Notice the following interpretation of the local basis (cα, ∂/∂ξ
α) of TA over
TM
(2.8) aCα = cα, a
V
α =
∂
∂ξα
.
Notice also the following properties
(2.9) (fa)C = faC + fCaV , (fa)V = faV (f ∈ C∞(M), fC = x˙i
∂f
∂xi
).
Now, assume that (A, ♯A, [ , ]A) is a Lie algebroid. Define an anchor ♯TA :
TA→ TTM by putting
(2.10) ♯TAcα = (♯Aaα)
C , ♯TA
∂
∂ξα
= (♯Aaα)
V ,
where in the right hand side the lifts are those of the Lie algebroid TM . A
simple calculation shows that ♯TA = φ ◦ (♯A)∗ with φ defined by (2.4).
Furthermore, define a bracket of cross sections of π∗ by putting
(2.11) [aVα , a
V
β ]TA = 0, [a
C
α , a
V
β ]TA = [aα, aβ ]
V
A , [a
C
α , a
C
β ]TA = [aα, aβ ]
C
A,
which yields brackets of the elements of the basis of cross sections of TA→ TM ,
and by extending (2.11) to arbitrary cross sections via the axioms of a Lie
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algebroid. One can check that the results of (2.11) hold for the lifts of arbitrary
cross sections of A and this justifies the independence of the bracket of the
choice of the basis aα. Then, the axioms of a Lie algebroid hold for the basic
cross sections (cα, ∂/∂ξ
α), whence, the axioms also hold for any cross sections.
Thus, we have obtained a well defined structure of a Lie algebroid on the
bundle π∗ : TA → TM . This Lie algebroid is called the tangent Lie algebroid
of A [16].
Now, we prove the announced result
Proposition 2.1. If the subalgebroid B ⊆ A is a foliation of A over (M,F),
then the tangent Lie algebroid TB is a foliation of the Lie algebroid TA over
(TM, TF).
Proof. We may use adapted local coordinates (xa, yu) on M , such that F has
the local equations xa = 0, and local bases (ah) ≡ (bα, qκ) of ΓA such that
(bα) is a local basis of ΓB and (qκ) are B-foliated cross sections of A. If we
use formulas (2.8), (2.10), (2.11), we see that the complete and vertical lifts of
cross sections of B ⊆ A to TA and to TB coincide, and that the bracket and
anchor of TB are the restrictions of the bracket and anchor of TA to TB ⊆ TA.
Therefore, TB is a Lie subalgebroid of TA over TM .
Furthermore, on TM we have local coordinates (xa, yu, x˙a, y˙u) and (2.2)
shows that xa = const., x˙a = const. are the equations of a foliation TF of the
manifold TM that consists of the tangent vectors of the leaves of F . Since
♯TB = φ ◦ (♯B)∗ where φ is the flip diffeomorphism and im ♯B = TF , we get
im ♯TB = TTF .
Finally, on one hand, (bCα , b
V
α ) is a local basis of cross sections of TB and, on
the other hand, using (2.11), it is easy to check that (qCκ , q
V
κ ) are TB-foliated,
local cross sections of TA → TM . Therefore, since (bCα , q
C
κ , b
V
α , q
V
κ ) is a local
basis of cross sections of TA → TM , the pair (TA, TB) satisfies the foliated-
generation condition.
3 The dual Poisson structure
It is well known that a Lie algebroid structure on the vector bundle π : E →M
is equivalent with a specific Poisson structure on the total space of the dual
bundle E∗, called the dual Poisson structure, defined by the following brackets
of basic and fiber-linear functions:
(3.1) {f1 ◦ π, f2 ◦ π} = 0, {f ◦ π, ls} = −((♯Es)f) ◦ π, {ls1 , ls2} = l[s1,s2]E ,
where f, f1, f2 ∈ C
∞(M), s, s1, s2 ∈ ΓE and ls is the evaluation of the fiber of
E∗ on s. If xa are local coordinates on M and ηh are the fiber-coordinates on
E∗ with respect to the dual of a local basis (eh) of cross sections of E, then the
corresponding Poisson bivector field is
(3.2) Π =
1
2
αlhkηl
∂
∂ηh
∧
∂
∂ηk
+ αah
∂
∂ηh
∧
∂
∂xa
,
11
where the coefficients α are defined by the expressions
(3.3) ♯E(eh) = α
a
h
∂
∂xa
, [eh, ek]E = α
l
hkel.
Conversely, formulas (3.2), (3.3) produce an anchor ♯E and a bracket [ , ]E and
the Poisson condition [Π,Π] = 0 implies the Lie algebroid axioms.
A Poisson structure of the form (3.2) will be called a fiber-linear structure,
although this name is not totally appropriate since it does not describe the form
of the second term of (3.2). The characteristic property of a bivector field of the
form (3.2) is that the Poisson bracket of two fiber-polynomials of degrees h, k is
a fiber-polynomial of degree h+ k − 1.
In this section we establish properties of the dual Poisson structure of a
foliated Lie algebroid.
Proposition 3.1. Let E be a foliated vector bundle over (M,F) with the dual
bundle E∗, which has the covering foliation FE
∗
of F . A transversal-Lie alge-
broid structure on E is equivalent with a fiber-linear Poisson algebra structure
on the space of FE
∗
-foliated functions on E∗.
Proof. Let (xa, yu) be F -adapted local coordinates on M and (eh) be a local
foliated basis of E. Then, the space of foliated functions C∞fol(E
∗,FE
∗
) is locally
spanned by (xa, ηh) and we get the Poisson algebra structure required by the
proposition using formulas (3.1) for f, f1, f2 ∈ C
∞
fol(M,F), s, s1, s2 ∈ ΓfolE.
Conversely, the Poisson structure (3.1) on C∞fol(E
∗,FE
∗
) produces a transversal-
Lie algebroid on E in the same way as in the case of a Lie algebroid.
Proposition 3.2. A foliated Lie algebroid (A,B) over (M,F) is equivalent
with a couple (E∗,Λ), where E∗ is a vector subbundle of A∗ endowed with a
foliated structure and the corresponding F-covering foliation FE
∗
, and Λ is a
fiber-linear Poisson structure on the manifold A∗ with the following properties:
1) ♯Λ(annTE
∗) = TFE
∗
,
2) Λ|E∗ induces a well defined Poisson algebra structure on C
∞
fol(E
∗,FE
∗
),
3) the total bundle manifold of A∗/E∗ has a Poisson structure P such that
the projection (A∗,Λ)→ (A∗/E∗, P ) is a Poisson mapping.
Proof. For the foliated Lie algebroid (A,B), we take E∗ = annB, which is
foliated since its dual bundle is E = A/B and it is foliated. Furthermore, we
take the dual Poisson structure Λ of the Lie algebroid A.
In order to write down the Poisson bivector field Λ we define convenient local
coordinates on the manifold A∗ as follows. We take F -adapted local coordinates
(xa, yu) on M , we choose a splitting
(3.4) A = B ⊕ C,
and we take a local basis of ΓA that consists of the basis bh of ΓB and the basis
aq of ΓC where aq are foliated cross sections (see Lemma 1.1). For A
∗, we have
the dual bases (b∗h, a∗q) and corresponding fiber coordinates (ηh, ζq).
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Since (A,B) is a foliated Lie algebroid, the anchor and bracket have the
following local expression
(3.5)
♯A(bh) = β
u
h
∂
∂yu , ♯A(aq) = α
a
q
∂
∂xa + α
u
q
∂
∂yu (rank(β
u
h ) = dimF),
[bh, bk]A =
∑
βlhkbl, [bh, aq]A = γ
l
hqbl, [ap, aq]A = α
l
pqbl + α
s
pqas,
where αaq , α
s
pq are foliated functions, i.e., locally, these are functions on the
coordinates xa.
Then, the general formula (3.2) implies
(3.6) Λ =
1
2
βlhkηl
∂
∂ηh
∧
∂
∂ηk
+ γlhqηl
∂
∂ηh
∧
∂
∂ζq
+
1
2
(αlpqηl + α
s
pqζs)
∂
∂ζp
∧
∂
∂ζq
+αaq
∂
∂ζq
∧
∂
∂xa
+ βuh
∂
∂ηh
∧
∂
∂yu
+ αuq
∂
∂ζq
∧
∂
∂yu
.
The total space of the subbundle E∗ ⊆ A∗ has the local equations ηh = 0,
whence
♯Λ(annTE
∗) = span{i(dηh)Λ|ηh=0} = span{β
u
h
∂
∂yu
} = TFE
∗
,
which is property 1).
The space C∞fol(E
∗,FE
∗
) is locally generated by xa, ζq (mod. ηh = 0) and a
function of local expression f(xa, ζq) extends to a function of local expression
f˜(xa, ζq, ηh) in a neighborhood of E
∗ in A∗. Formula (3.6) restricted to ηh = 0
shows that, for f1, f2 ∈ C
∞
fol(E
∗,FE
∗
), Λ|E∗(df˜1, df˜2) depends only on f1, f2
and that
{xa, xb}Λ|E∗ = 0, {ζq, x
a}Λ|E∗ = α
a
q (x
b), {ζp, ζq}Λ|E∗ = α
s
pq(x
b)ζs.
Therefore, Λ satisfies property 2).
Since A∗/E∗ ≈ B∗, we may use as local coordinates on the manifold A∗/E∗
the coordinates (xa, yu, ηh). Then,
(3.7) P =
1
2
βlhkηl
∂
∂ηh
∧
∂
∂ηk
+ βuh
∂
∂ηh
∧
∂
∂yu
is a bivector field on A∗/E∗, which is Poisson because it has the same expression
as the dual Poisson structure of the Lie algebroid B. Property 3) is obviously
satisfied.
Conversely, let A be a vector bundle over (M,F) such that there exists a
foliated subbundle E∗ of the dual bundle A∗ and a fiber-linear Poisson bivector
field Λ of A∗ with the properties 1), 2), 3). Define the subbundle B = annE∗ ⊆
A and take a decomposition A = B ⊕ C and local bases of cross sections bh ∈
B, aq ∈ C. Moreover, C ≈ A/B ≈ E = E
∗∗ is an F -foliated bundle and aq may
be assumed to be F -foliated cross sections. The corresponding local coordinates
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(xa, yu, ηh, ζq) on A
∗ are similar to those used in (3.6) and, a priori, Λ is of the
form
Λ =
1
2
(βlhkηl + β
s
hkζs)
∂
∂ηh
∧
∂
∂ηk
+ (γlhqηl + γ
s
hqζs)
∂
∂ηh
∧
∂
∂ζq
+
1
2
(αlpqηl + α
s
pqζs)
∂
∂ζp
∧
∂
∂ζq
+ αaq
∂
∂ζq
∧
∂
∂xa
+ βuh
∂
∂ηh
∧
∂
∂yu
+αuq
∂
∂ζq
∧
∂
∂yu
+ λah
∂
∂ηh
∧
∂
∂xa
.
If we put ηh = 0 and compute i(dηh)Λ we see that property 1) implies
βshk = 0, γ
s
hq = 0, λ
a
h = 0, rank(β
u
h ) = dimF .
Furthermore, property 2) implies local expressions αaq = α
a
q (x
b), αspq = α
s
pq(x
b).
Finally, the projection (A∗ → A∗/E∗)-related bivector field P of property 3)
is uniquely defined by Λ; it must be given by (3.7) and it satisfies the Poisson
condition. Therefore, Λ reduces to the form (3.6) and the corresponding Lie
algebroid structure of A is given by formulas (3.5). Accordingly, the pair (A,B)
is a foliated Lie algebroid. (The foliated-generation condition is implied by the
fact that [bh, aq] ∈ B.)
A. Vaintrob [21] gave an interpretation of the dual Poisson structure (3.2)
as an odd, homological super-vector field, which led to important results on
Lie algebroids seen as homological super-vector fields. We shall indicate the
properties of this field in the foliated case.
The parity-changed vector bundle of A∗ (in our case A∗ is the dual of a Lie
algebroid, but, the definition applies to any vector bundle) is a supermanifold
ΠA∗, with local even coordinates xi and local odd coordinates η¯α associated
to local, A∗-trivializing, coordinate neighborhoods U on M , with the following
local transition functions:
x˜i = x˜i(xj), ˜¯ηα = bαβ η¯
β ,
where the first equations are the same as the transition functions of the local
coordinates on M and the matrix (bαβ) is defined by a change of local bases of
cross sections of A, aβ = b
α
β a˜α. The supertangent bundle TΠA
∗ has the local
bases (∂/∂xi, ∂/∂η¯α) with the local transition functions
∂
∂x˜i
=
∂xj
∂x˜i
∂
∂xj
,
∂
∂η¯β
= bαβ
∂
∂ ˜¯ηα
.
These transition functions show that the correspondence
xi 7→ xi,
∂
∂xi
7→
∂
∂xi
, ηα 7→
∂
∂η¯α
,
∂
∂ηα
7→ η¯α
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produces a well defined mapping of the fiber-wise polynomial multivector fields
on the manifold A∗ to super-multivector fields on ΠA∗. In particular, the bivec-
tor field Π defined by (3.2) is send to Vaintrob’s super-vector field
(3.8) V =
1
2
αlhkη¯
hη¯k
∂
∂η¯l
+ αahη¯
h ∂
∂xa
and the Poisson condition [Π,Π] = 0 becomes the homology condition [V, V ] =
0. To put terminology in agreement with the theory of Lie algebroids, the
super-vector field V will be called transitive if the M -rank ρ of V defined by
ρ = rank(αah) is equal to the dimension of M .
Furthermore, ifM is endowed with the foliation F and A has a subbundle B,
we have coordinates (xa, yu) and bases (bh, aq) like in the proof of Proposition
3.2, which yield coordinates (xa, yu, η¯h, ζ¯q) of ΠA∗ with transition functions of
the form
(3.9) x˜a = x˜a(xb), y˜u = y˜u(xa, yv), ˜¯ηh = bhk η¯
k + bhq ζ¯
q, ˜¯ζq = bqpζ¯
p.
where the various matrices b come from a change of the local basis. The tran-
sition functions (3.9) show that ΠA∗ is endowed with the superfoliation
F¯ = span
{
∂
∂yu
,
∂
∂η¯h
}
.
Then, if we consider the vector bundle E = A/B, we haveE∗ = annB ⊆ A∗ and
Π(A∗/E∗) may be seen as the submanifold of ΠA∗ that has the local equations
ζ¯q = 0. On the other hand, ΠE∗ is a supermanifold with the local coordinates
(xa, yu, ζ¯q) and there exists a natural projection ψ : ΠA∗ → ΠE∗ locally defined
by
(xa, yu, ζ¯q, η¯h) 7→ (xa, yu, ζ¯q).
In Vaintrob’s terminology a super-vector field on ΠA∗ that corresponds to
a bivector field on A∗ is said to be of degree 1. In our case, a super-vector field
of degree 1 has the form
(3.10) W =
1
2
βlhkη¯
hη¯k
∂
∂η¯l
+
1
2
βshkη¯
hη¯k
∂
∂ζ¯s
+ γlhqη¯
hζ¯q
∂
∂η¯l
+γshqη¯
hζ¯q
∂
∂ζ¯s
+
1
2
αlpq ζ¯
pζ¯q
∂
∂η¯l
+
1
2
αspq ζ¯
pζ¯q
∂
∂ζ¯s
+αaq ζ¯
q ∂
∂xa
+ βuh η¯
h ∂
∂yu
+ αuq ζ¯
q ∂
∂yu
+ λahη¯
h ∂
∂xa
.
Proposition 3.3. A foliated Lie algebroid (A,B) over (M,F) is equivalent with
a couple (E∗,W ), where E∗ is an F-foliated vector subbundle of A∗ and W is
a homological super-vector field of degree 1 on ΠA∗ such that
i) W is foliated (projectable) with respect to the super-foliation F¯ of ΠA∗
associated to the pair (F , B),
ii) W |Π(A∗/E∗) ∈ T F¯ ∩ TΠ(A
∗/E∗) and is a homological super-vector field
of degree 1 on Π(A∗/E∗), transitive over the leaves of F .
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Proof. Formula (3.6) shows that the Vaintrob super-vector field W of a foliated
Lie algebroid (A,B) is a homological super-vector field (3.10) that satisfies the
conditions
(3.11)
γshq = 0, α
s
pq = α
s
pq(x
b), αaq = α
a
q (x
b),
λah = 0, β
s
hk = 0, rank(β
u
h) = dimF ,
and where the super-vector field
W |Π(A∗/E∗) =
1
2
βlhkη¯
hη¯k
∂
∂η¯l
+ βuh η¯
h ∂
∂yu
∈ T F¯ ∩ TΠ(A∗/E∗)
is a homological super-vector field on Π(A∗/E∗). The condition rank(βuh) =
dimF is what we meant by the transitivity of W over the leaves of F . Con-
versely, if we start with the data (A,E∗,W ), A, which has the Lie algebroid
structure of Vaintrob super-vector field W , has the subbundle B = annE∗
and ΠA∗ has the superfoliation F¯ . Then, W may be represented under the
form (3.10). Condition i), which means that the terms of (3.10) that contain
(∂/∂xa, ∂/∂ζ¯q) depend on the coordinates (xa, ζ¯q) only, implies the first four
conditions (3.11) and condition ii) ensures the fact thatB, with the Lie algebroid
structure of Vaintrob super-vector field W |Π(A∗/E∗), is a foliation of A.
4 Cohomology and deformations
The cohomology H∗(A) of a Lie algebroid A is that of the differential graded
algebra (Ω(A) = Γ ∧A∗, dA) of A-forms where, if λ ∈ Ω
k(A), then
(4.1) dAλ(s1, ..., sk+1) =
k+1∑
j=1
(−1)j+1♯Asj(λ(s1, ..., sj−1, sj+1, ..., sk+1))
+
k+1∑
j<l=1
(−1)j+lλ([sj , sl]A, s1, ..., sj−1, sj+1, ..., sl−1, sl+1, ..., sk+1).
The anchor of the Lie algebroid produces a homomorphism of differential graded
algebras ♯′A : (Ω(M), d)→ (Ω(A), dA) defined by
(♯′θ)(s1, ..., sk) = θ(♯s1, ..., ♯sk), θ ∈ Ω
k(M)
with the corresponding cohomology homomorphism ♯∗A : H
∗
deRham(M)→ H
∗(A).
The general pattern of the cohomology of a foliated Lie algebroid (A,B) over
a foliated base manifold (M,F) is the same like that of a foliated manifold [23],
which is why we only sketch it briefly here. Using the decomposition A = B⊕C
and the bases (bh, al), (b
∗h, a∗l) where bh ∈ ΓB, al ∈ ΓC and al are B-foliated,
we get a bigrading of the A-forms such that a form of type (bi-degree) (s, r) (s
is the C-grade and r is the B-grade) has the local expression
(4.2) λ =
1
s!r!
λl1...lsh1...hr(x
a, yu)a∗l1 ∧ ... ∧ a∗ls ∧ b∗h1 ∧ ... ∧ b∗hr .
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We will denote by Ωs,r(A) the space of A-forms of type (s, r).
Since B is bracket closed, one has dAa
∗l(bh, bk) = 0 and we see that dAλ
has only components of the type (s+ 1, r), (s, r + 1), (s+ 2, r− 1). Hence there
exists a decomposition
(4.3) dA = d
′
A + d
′′
A + ∂A,
where the terms are differential operators of types (1, 0), (0, 1), (2,−1), respec-
tively. The property d2A = 0 is equivalent with
(4.4)
(d′′A)
2 = 0, d′Ad
′′
A + d
′′
Ad
′
A = 0, (∂A)
2 = 0,
d′A∂A + ∂Ad
′
A = 0, (d
′
A)
2 + d′′A∂A + ∂Ad
′′
A = 0.
The cohomology of (Ω0 (A), d′′A) is the cohomology of the Lie algebroid B.
On the other hand, an A-form λ is said to be B-foliated if it is of type (s, 0)
and its local components λl1,...,ls are F -foliated functions (this is an invariant
condition because the bases (al) are B-foliated and have F -foliated transition
functions). The operator d′A induces a cohomology of the B-foliated forms
called the basic cohomology. Formulas (4.4) show that (Ω(A), dA) is a semi-
positive double cochain complex [23], hence, it produces a spectral sequence that
connects among the previously mentioned cohomologies. Another component
of the pattern is the truncated cohomology discussed in the Appendix of [26].
Example 4.1. In Example 1.2 we showed that for any Lie algebroid A the pair
(J1A,Hom(TM,A)) is a foliated Lie algebroid over the foliation of the basisM
by points, therefore, its cohomology has the pattern described above. On the
other hand, the cohomology of J1A may be interpreted as the 1-differentiable
cohomology of A in the sense of Lichnerowicz, who studied the 1-differentiable
cohomology of many infinite dimensional Lie algebras on manifolds (e.g., see
[12, 13] and the references therein; the case studied in [13] is that of the cotangent
Lie algebroid of a Poisson manifold). This cohomology is defined by k-cochains
λ ∈ HomR(Γ(∧
kA), C∞(M)), which are differential operators of order 1 in
each argument, and by the differential d defined by formula (4.1). Since a
differential operator of order 1 is the composition of a C∞(M)-linear morphism
by the first jet mapping j1, the 1-differentiable cochains may be identified with
usual cochains of the Lie algebroid J1A. Furthermore, since [j1a1, j
1a2]J1A =
j1[a1, a2]A (a1, a2 ∈ ΓA) [5], d for 1-differentiable cochains may be identified
with dJ1A. Hence, H
k
1−diff (A) ≈ H
k(J1A) as claimed. A complementary
subbundle C of the foliation Hom(TM,A) is given by the image of a splitting
σ : A → J1A of the exact sequence (1.5) and the type decomposition (4.2)
corresponds to the type decomposition used by Lichnerowicz.
Like in the case of a foliation [22], we get
Proposition 4.1. (The d′′A-Poincare´ Lemma) Let (A,B) be a minimally foliated
Lie algebroid. For any local A-form λ of type (u, v) (v > 0) such that d′′Aλ = 0,
one has λ = d′′Aµ where µ is a local form of type (u, v − 1).
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Proof. We may proceed by induction on k, where k is the number defined
by the condition that the local expression of λ does not contain the elements
a∗k+1, ..., a∗q (q = rank A− rank B) of the basis used in (4.2).
Since we are in the case of a minimally foliated algebroid, ♯B : B → TF is
an isomorphism, which induces an isomorphism between the graded differential
algebra (Ω0 (A), d′′A) and the graded differential algebra of the F -leaf-wise forms
on (M,F). Since the d′′-Poincare´ lemma holds for the latter [22, 23], it holds
for the former as well, which justifies the conclusion for k = 0.
Now, we assume that the result holds for any k < h − 1 (h = 1, ..., q) and
take
λ = a∗h ∧ µ+ θ
where µ, θ do not contain a∗h, ..., a∗q. Since d′′Aa
∗h = 0, d′′Aλ = 0 if and only
if d′′Aµ = d
′′
Aθ = 0. Then, the induction hypothesis yields the local expressions
µ = d′′Aτ, θ = d
′′
Aσ, therefore,
λ = d′′A(−a
∗h ∧ τ + σ),
which means that the result also holds for k = h− 1 and we are done.
Obviously, the operator d′′A makes sense for V -valued A-forms, where V is
any F -foliated vector bundle on M, and the d′′-Poincare´ lemma (Proposition
4.1) holds for such forms as well.
The following corollary is a standard result.
Corollary 4.1. Let (A,B) be a minimally foliated Lie algebroid and V a foliated
vector bundle over (M,F). Let Φk be the sheaf of germs of B-foliated, V -valued
A-forms. Then one has
H l(M,Φk) ≈
ker(d′′A : Ω
k,l(A)⊗ V → Ωk,l+1(A)⊗ V )
im(d′′A : Ω
k,l−1(A)⊗ V → Ωk,l(A)⊗ V )
.
Remark 4.1. In the terminology of [26], Proposition 4.1 is a relative Poincare´
lemma. Therefore the sheaf-interpretation of the truncated cohomology given
in [26] holds for minimally foliated Lie algebroids.
There exists a general construction of characteristic A-cohomology classes
of a Lie algebroid [6], which mimics the Chern-Weil theory and goes as follows.
Take a vector bundle V →M of rank r. An A-connection (covariant derivative)
on V is an R-bilinear operator ∇ : ΓA×ΓV → ΓV that is C∞(M)-linear in the
first argument and satisfies the condition
∇a(fv) = f∇av + ((♯Aa)f)v, (a ∈ ΓA, v ∈ ΓV, f ∈ C
∞(M)).
The curvature operator of ∇ is
R∇(a1, a2) = ∇a1∇a2 −∇a2∇a1 −∇[a1,a2]A .
R∇ is C
∞(M)-bilinear and may be seen as a V ⊗ V ∗-valued A-form of de-
gree 2. Then, ∀φ ∈ Ik(Gl(r,R)), the space of real, ad-invariant, symmetric,
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k-multilinear functions on the Lie algebra gl(r,R), the A-cohomology classes
[φ(R∇)] = [φ(R∇, ..., R∇)] ∈ H
2k(A) are the A-principal characteristic classes
of V . The characteristic classes are spanned by the classes [ck(R∇)], where ck is
the sum of the principal minors of order k in det(R∇−λId), and do not depend
on the choice of the connection ∇. Indeed, if ∇0,∇1 are two A-connections on
V , Bott’s proof [1, 6] gives
(4.5) φ(R∇1 )− φ(R∇0) = dA∆(∇
0,∇1)φ,
where
(4.6) ∆(∇0,∇1)φ = k
∫ 1
0
φ(∇1 −∇0, R(t∇1+(1−t)∇0), ..., R(t∇1+(1−t)∇0)︸ ︷︷ ︸
(k−1)−times
)dt,
hence the cohomology classes defined by φ(R0∇), φ(R
1
∇) coincide. In particular,
the use of an orthogonal A-connection (such that ∇g = 0 for a Euclidean metric
g on A) gives [c2h−1(R∇)] = 0. The classes [c2h(R∇)] are the A-Pontrjagin
classes of V . For V = A one gets the principal characteristic classes of the Lie
algebroid A.
In the case of a foliated Lie algebroid (A,B) over (M,F) one can also
mimic the construction of secondary characteristic classes. We define a Bott
A-connection on a foliated vector bundle V by asking it to satisfy the condi-
tion ∇bv = 0, ∀b ∈ B, ∀v ∈ ΓfolV . Bott A-connections always exist: take an
arbitrary A-connection ∇′ on V and a decomposition A = B ⊕ C, then, define
∇b+c(fv) = ((♯Ab)f)v +∇
′
c(fv) (f ∈ C
∞(M), v ∈ ΓfolV ).
The curvature of a Bott A-connection satisfies the property
(4.7) R∇(b1, b2)v = 0, ∀b1, b2 ∈ B, v ∈ V.
Indeed, due to C∞(M)-linearity with respect to v, it suffices to check the prop-
erty for v ∈ ΓfolV , which is trivial.
Proposition 4.2. (The Bott Vanishing Phenomenon) If k > q = rank A −
rank B, ∀φ ∈ Ik(Gl(r,R)), the characteristic class defined by φ vanishes. Equiv-
alently, PonthA(V ) = 0 for h > 2q, where Pont
h
A(V ) is the set of elements of
total cohomological degree h generated by the A-Pontrjagin classes in the coho-
mology algebra H∗(A).
Proof. Property (4.7) shows that R∇ belongs to the ideal generated by annB,
hence, if k > q, the A-form obtained by the evaluation of φ on R∇ is zero.
Corollary 4.2. Let B be a Lie subalgebroid of the Lie algebroid A. If PonthA(A/B) 6=
0 for some h > 2(rank A− rank B), B is not a foliation of A.
Now, if we take φ ∈ I2h−1(Gl(r,R)) with 2h − 1 > q, formula (4.5) yields
dA(∆(∇
0,∇1)φ) = 0 whenever ∇0 is an orthogonal A-connection and ∇1 is
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a Bott A-connection on the F -foliated vector bundle V . The A-cohomology
classes [∆(∇0,∇1)φ] ∈ H4h−3(A) are A-secondary characteristic classes of V .
Like in [11] one can prove that these classes do not depend on the choice of ∇0
and remain unchanged if∇1 is subject to a deformation via Bott connections. In
the case V = A/B, the construction provides secondary A-characteristic classes
of the foliated Lie algebroid (A,B).
Proposition 4.3. The A-secondary characteristic classes of V are anchor im-
ages of de Rham-secondary characteristic classes.
Proof. Wemay define the A-secondary characteristic classes by means of connec-
tions ∇0,∇1 given by ∇0a = ∇
′0
♯Aa
,∇1a = ∇
′1
♯Aa
, where ∇′0 is a usual orthogonal
connection on V →M and ∇
′1 is a Bott connection with respect to the foliated
Lie algebroid (TM, TF). Then, the conclusion holds at the level of forms.
Deformations of foliations were studied by many authors [7, 8], etc., and
one of the main results is that deformations produce infinitesimal deformations,
which are cohomology classes of degree 1. Here, we extend this result to defor-
mations of a foliation B of a Lie algebroid A over (M,F).
Definition 4.1. A deformation of the foliation B of A is a differentiable family
of foliations Bt ⊆ A (0 ≤ t ≤ 1) where B0 = B, each Bt is regular and
Ft = ♯A(Bt) is a deformation of the foliation F = F0.
By differentiability of Bt we mean that each x ∈ M has a neighborhood U
endowed with local cross sections (bh(x, t))
p
h=1 of A that are differentiable with
respect to (x, t) and define a basis of the local cross sections of the subbundle
Bt for all t ∈ [0, 1]. In particular, all the subbundles Bt have the same rank p.
The transition functions of the bases (bh(x, t)) are of the form
(4.8) b˜h(x, t) = β
k
h(x, t)bk(x, t).
If we apply the operator (d/dt)t=0, we see that the correspondence
ηhbh 7→ [η
h ∂bh(x, t)
∂t
∣∣∣∣
t=0
]mod.B (bh = bh(x, 0))
provides a well defined E = A/B-valued 1-B-form Ξ. The form Ξ will be called
the infinitesimal deformation form and it has the following invariant expression
(4.9) Ξ(b) = [
∂b˜(x, t)
∂t
∣∣∣∣∣
t=0
]mod.B
where b˜(x, t) ∈ ΓBt is an extension of b ∈ Bx; the result does not depend on
the choice of the extension.
In what follows we identify the cochain complexes (Ω(B), dB) and (Ω
0(A), d′′A)
by using a complementary subbundle of B in A; in particular, Ξ is also seen as
a (0, 1)-form.
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Proposition 4.4. The infinitesimal deformation form Ξ is d′′A-closed.
Proof. We begin by deriving a new expression of Ξ. Let us fix a subbundle
C ⊆ A such that A = Bt ⊕ C holds ∀t ∈ [0, ǫ) (where ǫ is small enough) and
consider a local basis (bh) of B and a local basis (cs) of C consisting of B-foliated
cross sections; this yields a foliated basis es = [cs]mod.B of A/B. Then, we have
expressions
(4.10) bh(x, t) = λ
k
h(x, t)bk + µ
s
h(x, t)cs, rank(λ
k
h) = p,
therefore, Bt also has a basis of the form
(4.11) b′h(x, t) = bh + θ
s
h(x, t)cs, θ
s
h(x, 0) = 0.
The dual cobases of the bases (b′h(x, t), cs) are given by
(4.12) b
′∗h(x, t) = b∗h(x, 0), c∗s(x, t) = c∗s − θsh(x, t)b
∗h
(check the duality conditions
< b
′∗h(x, t), b′k(x, t) >= δ
h
k , < c
∗s(x, t), b′k(x, t) >= 0,
< b
′∗h(x, t), cs >= 0, < c
∗s(x, t), cu(x, t) >= δ
s
u).
From (4.11) and (4.12) we get[
∂b′h
∂t
∣∣∣∣
t=0
]
mod.B
=
∂θsh
∂t
∣∣∣∣
t=0
es
and
(4.13) Ξ =
∂θsh
∂t
∣∣∣∣
t=0
b∗h ⊗ es = −
∂c∗s(x, t)
∂t
∣∣∣∣
t=0
⊗ es.
If we denote by ΞC the image of Ξ by the vector bundle isomorphism E ≈ C,
which following (4.13) means that
(4.14) ΞC = −
∂c∗s(x, t)
∂t
∣∣∣∣
t=0
⊗ cs,
the conclusion of the proposition is equivalent with
dAΞ
C(bh, bk) = 0,
which we see to hold by means of the following calculation. From (4.14) and
using the definition of dA we have
dAΞ
C(bh, bk) = −
∂[dAc
∗s(x, t)(b′h(x, t), b
′
k(x, t))]
∂t
∣∣∣∣
t=0
cs
=
∂[c∗s(x, t)([b′h(x, t), b
′
k(x, t)]A)]
∂t
∣∣∣∣
t=0
cs =
∂
∂t
∣∣∣∣
t=0
(prtC [b
′
h(x, t), b
′
k(x, t)]A),
where prtC is the projection defined by the decomposition A = Bt ⊕ C. Since
Bt is closed by A-brackets, the final term of the previous calculation is equal to
zero.
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Continuing to follow the analogy with foliation theory, we give the following
definition.
Definition 4.2. A trivial deformation of the foliation B of the Lie algebroid
A is a deformation Bt such that Bt = Ψt(B), where (Ψt, ψt) (ψt : M → M)
is a family of automorphisms of A of the form Ψt = exp(ta), ψt = exp(t♯Aa),
a ∈ ΓA.
We recall that Ψt = exp(ta) is a (local) 1-parameter group with respect to
addition on t, which is characterized by the property [15]
(4.15)
d
dt
∣∣∣∣
t=0
(exp(ta))a′ = [a, a′]A, ∀a, a
′ ∈ ΓA.
Proposition 4.5. The infinitesimal deformation form Ξ of a trivial deforma-
tion is d′′A-exact.
Proof. For a trivial deformation we may use the local bases
bh(x, t) = exp(ta)(bh(exp(−t♯Aa)(x), 0),
which implies
∂bh(x, t)
∂t
∣∣∣∣
t=0
= [a, bh]A(x).
Now, using a decomposition a = αhbh + β
scs, where (bh, cs) is the basis used
in (4.10), the original definition of Ξ shows that the corresponding form ΞC is
given by
(4.16) ΞC(ηhbh) = prC(η
h[a, bh]A) = −η
h(♯Abh(β
s))cs = −d
′′
A(prCa),
which is equivalent with the required result.
Definition 4.3. Let (A,B) be a foliated Lie algebroid. Two deformations
Bt, B¯t of B are equivalent if there exists a cross section a ∈ ΓA such that
B¯t = exp(ta)(Bt), i.e., if they can be deduced from one another by composition
with a trivial deformation.
Now, we get the following result:
Proposition 4.6. Two equivalent deformations have d′′A-cohomologous infinites-
imal deformation forms.
Proof. For two equivalent deformations Bt, B¯t there are local bases related as
follows
b¯h(x, t) = exp(ta)(bh(x, t)).
By applying the operator (∂/∂t)t=0 to this relation and using the computa-
tion (4.16) we get the following relation between the corresponding infinitesimal
deformation forms
Ξ¯C = ΞC − d′′A(prCa).
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The cohomology class [Ξ] ∈ H1(B;A/B) (the first cohomology space of
A/B-valued B-forms) is the infinitesimal deformation up to equivalence of the
foliation B of the Lie algebroid A.
5 Integration of foliated Lie algebroids
In this section we briefly discuss the integrability of a foliated Lie algebroid.
Definition 5.1. Let l, r : G⇒M be a Lie groupoid (l, r are the target (left) and
source (right) projections, respectively), where the unit manifold M is endowed
with a foliation F . We call G an F -foliated Lie groupoid if it is endowed with a
foliation G that has the following properties:
(i) the leaves of G are contained in the left fibers,
(ii) G is invariant by left translations,
(iii) the right projection r : (G,G)→ (M,F) is a foliated, leaf-wise submer-
sion.
It is easy to get the following integrability result.
Proposition 5.1. Let l, r : (G,G) ⇒ (M,F) be a foliated Lie groupoid. Then,
the Lie algebroid A(G) has a natural structure of a foliated Lie algebroid. Con-
versely, if (A,B) is a foliated Lie algebroid and A is integrable by the left-fiber
connected Lie groupoid G, then G has a natural foliation G that makes G into a
foliated Lie groupoid such that the restriction to the leaves of G of the construc-
tion of A(G) produces a Lie subalgebroid that is isomorphic to B.
Proof. If we start with the foliated groupoid (G,G) and construct the Lie al-
gebroid A(G) by means of the left-invariant vector fields, the invariant vector
fields that are tangent to the leaves of G produce a Lie subalgebroid B ⊆ A(G).
Furthermore, if we denote by T lG the tangent bundle to the l-fibers we get
the exact sequence
0→ TG → T lG→ T lG/TG → 0,
where the quotient is a G-foliated bundle. The foliated cross sections of T lG
are the infinitesimal automorphisms of TG and (like for any foliation) span the
bundle T lG. If the previous sequence is quotientized by left translations we get
the exact sequence
0→ B → A(G)→ A(G)/B → 0
and we see that the pair (A(G), B) satisfies the foliated generation condition.
Then, the anchor of A(G) is induced by the differential r∗ of the right projection
and its restriction to B is onto TF because of condition (iii) of Definition 5.1.
Therefore, (A(G), B) is a foliated Lie algebroid over (M,F).
Conversely, if we start with a foliated Lie algebroid (A,B) over (M,F) and
A = A(G) for the Lie groupoid G, we get the foliation G by asking it to be
tangent to the left invariant vector fields that produce cross sections of B (see
Lemma 2.1 of [17]). Then, the conditions required in Definition 5.1 obviously
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hold. In particular, condition (iii) follows from the foliated-generation condition
of (A,B) together with the fact that im ♯B = TF .
6 Foliated Courant algebroids
We do not intend to develop a theory of foliated Courant algebroid, but, we
would like to clarify how such a notion should be defined. We refer to [14] for
the general theory of Courant algebroids.
Definition 1.1 of a transversal-Lie algebroid suggests the following natural,
analogous definition.
Definition 6.1. A transversal-Courant algebroid over the foliated manifold
(M,F) is a foliated vector bundle E → M endowed with a symmetric, non
degenerate, foliated, inner product g ∈ Γfol ⊙
2 E∗, with a foliated morphism
♯E : E → νF called the anchor and a skew-symmetric bracket [ , ]E : ΓfolE ×
ΓfolE → ΓfolE, such that the following conditions are satisfied:
1) ♯E [e1, e2]E = [♯Ee1, ♯Ee2]νF ,
2) im(♯g ◦
t ♯E) ⊆ ker ♯E ,
3)
∑
Cycl[[e1, e2]E , e3]E = (1/3)∂
∑
Cycl g([e1, e2]E , e3), ∂f = (1/2)♯g(
t♯Edf),
4) [e1, fe2]E = f [e1, e2]E + ((♯Ee1)f)e2 − g(e1, e2)∂f ,
5) (♯Ee)(g(e1, e2)) = g([e, e1]E + ∂g(e, e1), e2) + g(e1, [e, e2]E + ∂g(e, e2)).
In these conditions, e, e1, e2, e3 ∈ ΓfolE, f ∈ C
∞
fol(M,F) and t denotes trans-
position.
Using local, foliated, g-canonical bases, it is easy to see that t♯E(λ) ∈ ΓfolE
∗,
∀λ ∈ Γfol(annTF). In particular, ∀f ∈ C
∞
fol(M,F), ∂f ∈ ΓfolE.
Like for the Courant algebroids, which are obtained if F is the foliation of
M by points, we will say that the transversal-Courant algebroid E is transitive
if ♯E is surjective and it is exact if it is transitive and rank E = 2rank νF . The
reason for this name is that E is exact if and only if the sequence of vector
bundles
(6.1) 0 −→ annTF
♯(E,g)
−→ E
♯E
−→ νF −→ 0,
where ♯(E,g) = ♯g ◦
t ♯E (therefore, ∂f = ♯(E,g)df) is exact. (This follows like for
Courant algebroids, e.g., Section 3 of [24].)
Remark 6.1. For an exact Courant algebroid any choice of a splitting of the
exact sequence (6.1) that has an isotropic image yields an isomorphism E ≈
(TM ⊕ T ∗M) where the latter is endowed with a twisted Courant bracket [2].
The brackets of the transitive Courant algebroids were determined in [19, 24]
and may be made explicit by using a splitting as above. These results extend to
transversal Courant algebroids if we add the hypothesis that the exact sequence
(6.1) has a foliated splitting, which is no more an automatic fact.
Remark 6.2. If E is a transversal-Courant algebroid over (M,F), the local
projected bundles {EQU } are Courant algebroids over the local transversal man-
ifolds QU of F . In the case of a submersion M → Q with connected and simply
connected fibers, E →M projects to a Courant algebroid over Q.
24
Example 6.1. For any foliated manifold (M,F) the vector bundle νF⊕ν∗F =
νF ⊕ annTF has the structure of a transversal-Courant algebroid induced by
the classical Courant structure of the local transversal manifolds QU of Remark
6.2.
Example 6.2. Let A be a Courant algebroid over the foliated manifold (M,F)
and let B be a subbundle of A that is a Courant algebroid with respect to the
induced Courant bracket, anchor and metric. In particular, the metric induced
in B must be non degenerate and A = B ⊕ C, C = B⊥g . A cross section
c ∈ ΓC will be called B-foliated if, ∀b ∈ ΓB, [b, c]A ∈ ΓB. By the axioms
of Courant algebroids (see condition 4) of Definition 6.1) we see that, on one
hand, if the previous condition holds for b it also holds for fb (f ∈ C∞(M) and,
on the other hand, if c is B-foliated and f ∈ C∞fol(M,F), fc is foliated (use
g(b, c) = 0). (The definition of a B-foliated cross section is not correct for an
arbitrary a ∈ ΓA.) Now, it makes sense to assume that the pair (A,B) satisfies
the following conditions (analogous to those in Definition 1.2): i) ♯A(B) =
TF , ii) ΓC is locally spanned by the B-foliated cross sections. Like for Lie
algebroids (Section 1), these conditions show that C has a natural structure of
a foliated vector bundle and we may add condition iii) g|C ∈ Γfol ⊙
2 C∗. From
i), we get t♯A(annTF) ⊆ annB = C
∗, whence, ∂f ∈ ΓC, ∀f ∈ C∞fol(M,F).
Furthermore, since A is a Courant algebroid we have (see condition 5), Definition
6.1)
(6.2) (♯Ac1)(g(b, c2)) = 0 = g([c1, b]A+∂g(c1, b), c2)+g(b, [c1, c2]A+∂g(c1, c2)),
where b ∈ ΓB, c1, c2 ∈ ΓC and c1, c2 are B-foliated. In view of condition iii),
(6.2) becomes g(b, [c1, c2]A) = 0, therefore, [c1, c2]A ∈ ΓC. Moreover, using
axiom 3) for the Courant algebroid A and for the triple (c1, c2, b) instead of
(e1, e2, e3) we see that the bracket [c1, c2]A is B-foliated. Thus, conditions i),
ii), iii) imply that (C, ♯A|C , [ , ]A|ΓfolC) is a transversal-Courant algebroid over
(M,F).
We have formulated the above example because, at the first sight, it could
indicate the way to the notion of a foliated Courant algebroid. However, it
seems that there are no corresponding, interesting, concrete examples and we
shall propose another procedure below.
Assume that B is a g-isotropic subbundle of the Courant algebroid A of
basis (M,F) such that ΓB is closed by A-brackets and consider the g-coisotropic
subbundle C = B⊥g ⊇ B. By replacing c1 by b
′ ∈ ΓB in (6.2), we see that ΓB
is closed by A-brackets if and only if
(6.3) [b, c]A ∈ ΓC, ∀b ∈ ΓB, ∀c ∈ ΓC.
Like in Example 6.2, a cross section c ∈ ΓC will be called B-foliated if, ∀b ∈ ΓB,
[b, c]A ∈ ΓB and this definition is correct. We will denote by ΓBC the space of
B-foliated cross sections of C.
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Definition 6.2. LetA be a Courant algebroid over the foliated manifold (M,F).
A subbundle B ⊆ A will be called a foliation of A if the following conditions
are satisfied:
i) B is a g-isotropic and ΓB is closed by A-brackets,
ii) ♯A(B) = TF ,
iii) ΓC, C = B⊥g , is locally spanned by the B-foliated cross sections,
iv) for any pair of B-foliated cross sections c1, c2 ∈ ΓC one has g(c1, c2) ∈
C∞fol(M,F).
A foliated Courant algebroid is a pair (A,B) where A is a Courant algebroid
and B is a foliation of A.
Proposition 6.1. If (A,B) is a foliated Courant algebroid over (M,F), the vec-
tor bundle E = C/B, C = B⊥g , inherits a natural structure of an F-transversal-
Courant algebroid.
Proof. Since B is isotropic, there exist decompositions
(6.4) A = B ⊕ S ⊕B′, B ⊕ S = C, (B ⊕B′) ⊥g S,
where B′ is isotropic and g is non degenerate on the components B ⊕ B′ and
S. We fix such a decomposition and define a structure of transversal-Courant
algebroid on S.
Take
gS = g|S , ♯S = ♯A (mod. TF), [ , ]S = prS [ , ]A,
where the projection on S is defined by (6.4). Like in the proof of Proposition
1.2, properties ii) and iii) of Definition 6.2 yield a foliated structure of S such
that s ∈ ΓS is foliated with respect to this structure if and only if s is B-foliated.
We check that, ∀s ∈ ΓBC, ♯Ss is F -foliated. Indeed, if Y ∈ ΓTF , property ii)
allows us to write Y = ♯Ab, b ∈ ΓB and we have
[Y, ♯As]A = [♯Ab, ♯As]A = ♯A[b, s]A ∈ ΓTF ,
therefore ♯As is a foliated vector field on (M,F). Thus, ♯S is a foliated mor-
phism. Furthermore, property iv) implies that gS is a foliated metric.
The decomposition (6.4) also gives A∗ = B∗ ⊕ S∗ ⊕B
′∗ and we have
♭g(B) = B
′∗, ♭g(S) = S
∗, ♭g(B
′) = B∗.
If γ ∈ annTF , t♯Aγ vanishes on B, because of property ii), hence,
t♯Aγ ∈
S∗ ⊕ B
′∗ and ♯tg♯Aγ ∈ C. In particular, ∀f ∈ C
∞
fol(M,F , ∂f ∈ ΓC. This fact
allows us to use again (6.2), while taking s1, s2 ∈ ΓBC instead of c1, c2, and we
see that [s1, s2]A ∈ ΓC. Now, if we write down the equality iii), Definition 6.1
for the Courant algebroid A and for e1, e2, e3 replaced by s1, s2 ∈ ΓBC, b ∈ ΓB,
the right hand side vanishes and we remain with [[s1, s2]A, b]A = 0, which shows
that [ , ]S takes foliated cross sections to foliated cross sections.
Thus, S is endowed with all the structures required by Definition 6.1 and
it remains to check the conditions 1)-5). It is easy to check that ∂S = ∂A
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on C∞fol(M,F). Accordingly, 1)-5) are implied by the similar properties of the
Courant algebroid A (in particular, for 2) we may use the fact that this condition
is equivalent with g(∂Sf1, ∂Sf2) = 0, ∀f1, f2 ∈ C
∞
fol(M,F) [14]). The conclusion
of the proposition follows by transferring the structure obtained on S to E via
the natural isomorphism E ≈ S.
Corollary 6.1. If (A,B) is a foliated Courant algebroid over (M,F) and if
F consists of the fibers of a submersion M → Q with connected and simply
connected fibers, the vector bundle E = B⊥g/B projects to a Courant algebroid
on Q.
Remark 6.3. If B is a subbundle of the Courant algebroid A that satisfies
conditions i), ii) of Definition 6.2 and if we ask the quotient bundle A/B to
be a transversal-Courant algebroid such that its metric, anchor and bracket be
induced by those of A, then, obviously, B is a foliation of A.
The previous proposition and corollary show the interest of the notion of a
foliated Courant algebroid. The following examples show that Definition 6.2 is
reasonable. In these examples T bigM = TM ⊕ T ∗M is the Courant algebroid
defined in [4]; the anchor is the projection on TM and the metric and bracket
are defined by
(6.5) g((X1, α1), (X2, α2)) =
1
2
(α1(X2) + α2(X1)),
(6.6) [(X1, α1), (X2, α2)] = ([X1, X2], LX1α2−LX2α1+
1
2
d(α1(X2)−α2(X1))).
Example 6.3. A regular Dirac structure D ⊆ T bigM is a foliation of the
Courant algebroid T bigM over (M, E), where E is the characteristic foliation of
D. In this case the quotient bundle is D⊥g/D = 0.
Example 6.4. If F is a foliation ofM , TF is a foliation of the Courant algebroid
T bigM . Indeed, using (6.5) we get C = T⊥gF = TM ⊕ annTF . A pair
(X, γ) ∈ ΓC is TF -foliated if and only if X is an F -foliated vector field and γ is
an F -foliated 1-form. The conditions of Definition 6.2 are obviously satisfied and
the corresponding transversal-Courant algebroid is E = C/TF = νF⊕annTF ,
already mentioned in Example 6.1. Notice that TF remains a foliation of T bigM
if the Courant bracket is twisted by means of a closed 3-form Φ such that
i(Y )Φ = 0, ∀Y ∈ TF [20].
Example 6.5. Let F be a foliation of M and θ ∈ Ω2(M) be a closed 2-form.
From [25], it is known that Eθ = {(Y, i(Y )θ) / Y ∈ TF} is an isotropic subbundle
of T bigM , which is closed by the Courant bracket (6.6), and its orthogonal
bracket is E′θ = {(X, i(X)θ+γ) /X ∈ TM, γ ∈ annTF}. A simple computation
gives
[(Y, i(Y )θ), (X, i(X)θ + γ)] = ([Y,X ], i([Y,X ])θ+ LY γ).
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Accordingly, (X, i(X)θ+γ) ∈ ΓE′θ is Eθ-foliated if and only if X ∈ ΓfolTM, γ ∈
Ω1fol(M) and, like in Example 6.4, the conditions of Definition 6.2 are satisfied
and Eθ is a foliation of T
bigM . Again, the corresponding quotient bundle is
E′θ/Eθ ≈ νF ⊕ annTF .
Below, we prove a result that has the flavor of a reduction and was inspired by
[27]. Let B be a foliation of the Courant algebroid A over the foliated manifold
(M,F). Let N be a submanifold of the base manifold M , and consider the
restricted vector bundles AN , BN , CN = B
⊥gA
N .
Proposition 6.2. With the notation above, assume that:
(i) N is transversal to and has a clean intersection with the leaves of the
foliation F ,
(ii) (the reduction hypothesis) ♯A(CN ) ⊆ TN .
Then, the vector bundle EN = CN/BN is a transversal-Courant algebroid over
(N,F ′ = F ∩N).
Proof. Since B is a foliation of A, there exist local bases (bh ∈ ΓB, au ∈ ΓBC)
of ΓC and the induced local bases of cross sections of E = C/B have local
transition functions of the form [a˜u]mod.B = α
v
u[au]mod. B such that α
v
u are
constant on the leaves of F . Then, αvu are constant on the leaves of F
′ too
and the local bases [au|N ]mod.BN of ΓEN define an F
′-foliated structure on EN .
Using these bases, we see that a cross section of EN is foliated with respect to the
F ′-foliated structure of EN if and only if, locally, it is of the form [c|N ]mod.BN
where c is B-foliated. Moreover, the metric induced on EN by the metric g of
A obviously is a foliated metric.
In view of the reduction hypothesis, the mapping
[c]mod.B 7→ [♯Ac]mod. TF (c ∈ ΓC)
produces a vector bundle morphism ♯EN : EN → νF
′, which will be the anchor
of the required Courant structure on EN . Like in the proof of Proposition 6.1,
we can see that this anchor is a foliated morphism.
Now, we will show the existence of a bracket [ , ]CN : ΓCN × ΓCN → ΓEN
induced by the Courant bracket of A. The definition of this bracket is
(6.7) [c1, c2]CN (x) = [c˜1, c˜2]A(x) (mod.Bx), x ∈ N,
where c˜1, c˜2 are arbitrary extensions of c1, c2 to ΓC. In order to prove that the
result does not depend on the choice of the extensions it suffices to show that if
c˜2|N = 0 then [c˜1, c˜2]A(x) ∈ Bx. To see that, take a local basis (bh ∈ ΓB, au ∈
ΓBC) of ΓC and put c˜2 = f
hbh + k
uau where f
h, ku vanish on N . Using the
axioms of a Courant algebroid (see 4) of Definition 6.1), under the conditions
above, we remain with
[c˜1, c˜2]A(x) = −
∑
u
gx(c˜1(x), au(x))∂k
u(x).
28
Furthermore, for any c ∈ ΓC we have
g(c, ∂ku) =
1
2
(♯Ac)k
u = 0
(because ♯Ac ∈ TN and k
u|N = 0), therefore, ∂k
u(x) ∈ Bx, which ends the
proof of the correctness of the definition of the bracket (6.7).
The bracket (6.7) produces a bracket of foliated cross sections of EN as
follows. If γ ∈ ΓfolEN , then, in a neighborhood of x ∈ N , we may write
γ =
∑
u ϕ
u(xa)[au|N ]mod. BN , which implies that γ may be represented by a
cross sections of CN that has the B-foliated, local extension γ˜ =
∑
u ϕ
u(xa)au.
If we put
(6.8) [γ1, γ2]EN (x) = [γ˜1|N , γ˜2|N ]CN (x) = [γ˜1, γ˜2]A(x) (mod.Bx),
we get a well defined bracket on ΓfolEN .
Thus, on EN we have all the components required by the definition of a
transversal-Courant algebroid over (N,F ′) and, moreover, these components
may be seen as restrictions to N of the components of the transversal-Courant
algebroid E over (M,F) given by Proposition 6.1. Hence, condition 1)-5) of
Definition 6.1 are satisfied and we are done.
We finish by the observation that a definition similar to Definition 6.1 may
be given for a notion of holomorphic Courant algebroid; we just have to replace
the word “foliated” by “holomorphic” everywhere. Furthermore, if we state
Definition 6.2 for complex vector bundles A,B over a complex analytic manifold
M , and with TF replaced by the anti-holomorphic tangent bundle of M , we
get the notion of a foliation of a complex Courant algebroid. The corresponding
quotient E will be a holomorphic Courant algebroid. Examples 6.4, 6.5 can be
adapted to the holomorphic case
References
[1] R. Bott, Lectures on characteristic classes, Lect. Notes in Math., 279,
Springer-Verlag, Berlin, 1972.
[2] H. Bursztyn, G. R. Cavalcanti and M. Gualtieri, Reduction of Courant
algebroids and generalized complex structures, Adv. Math., 211 (2007),
726-765.
[3] J. F. Carin˜ena, J. M. Nunes da Costa and P. Santos, Reduction of Lie
algebroids, Int. J. Geom. Methods Mod. Phys., 2 (2005), 965-991.
[4] T. Courant, Dirac manifolds, Trans. Amer. Math. Soc., 319 (1990), 361-
661.
[5] M. Crainic and R. L. Fernandes, Exotic Characteristic Classes of Lie Alge-
broids, in: Quantum Field Theory and Noncommutative Geometry, Lect.
Notes in Physics, 662, Springer-Verlag, Berlin, 2005.
29
[6] R. Fernandes, Lie algebroids, holonomy and characteristic classes, Adv.
Math., 170 (2002), 119-179.
[7] J. L. Heitsch, A cohomology for foliated manifolds, Comment. Math. Helv.,
50 (1975), 197-218.
[8] K. Kodaira, D. C. Spencer, Multifoliate structures, Ann. of Math., 74
(1961) 52-100.
[9] C. Laurent-Gengoux, M. Stie´non and P. Xu, Holomorphic Poisson man-
ifolds and holomorphic Lie algebroids, Int. Math. Res. Not. IMRN 2008,
DOI: 10.1093/imrn/rnn088, 46 pp.
[10] C. Laurent-Gengoux, M. Stie´non and P. Xu, Integration of holomorphic
Lie algebroids, arXiv:0803.2031v2[mathDG].
[11] D. Lehmann, Classes caracte´ristiques et J-connexite´ des espaces de con-
nexions, Ann. Inst. Fourier (Grenoble), 24 (1974), 267-306.
[12] A. Lichnerowicz, Sur l’alge`bre de Lie des Champs de Vecteurs, Comment.
Math. Helvetici, 51 (1976), 343-368.
[13] A. Lichnerowicz, Les varie´te´es de Poisson et leurs alge`bres de Lie associe´es,
J. Diff. Geom., 12 (1977), 253-300.
[14] Z.-J. Liu, A. Weinstein and P. Xu, Manin triples for Lie bialgebroids, J.
Diff. Geom., 45 (1997), 547-574.
[15] K. Mackenzie, General Theory of Lie Groupoids and Lie Algebroids, Lect.
Notes, London Math. Soc., 213, Cambridge Univ. Press, Cambridge, 2005.
[16] K. Mackenzie and P. Xu, Lie bialgebroids and Poisson groupoids, Duke
Math. J. 73 (1994), 415-452.
[17] I. Moerdijk and J. Mrcˇun, On the integrability of Lie subalgebroids, Adv.
Math. 204 (2006), 101-115.
[18] P. Molino, Riemannian Foliations, Progress in Math. Series, 73, Birkha¨user,
Boston, Basel, 1988.
[19] P. Sˇevera, Letters to Alan Weinstein, unpublished, 1998.
[20] P. Sˇevera and A. Weinstein, Poisson geometry with a 3-form background,
Progr. Theoret. Phys. Suppl. 144 (2001), 145-154.
[21] A. Vaintrob, Lie algebroids and homological vector fields. Russian Math.
Surveys, 52 (1997), no. 2, 428-429.
[22] I. Vaisman, Varie´te´s riemanniennes feuillete´es, Czechosl. Math. J., 21
(1971), 46-75.
30
[23] I. Vaisman, Cohomology and Differential Forms, M. Dekker, Inc., New
York, 1973.
[24] I. Vaisman, Transitive Courant Algebroids, Intern. J. of Math. and Math.
Sci., 2005:11 (2005), 1737-1758.
[25] I. Vaisman, Isotropic Subbundles of TM ⊕ T ∗M , Int. J. Geom. Methods
Mod. Phys., 4 (2007), 487-574.
[26] I. Vaisman, Geometric quantization of weak-Hamiltonian func-
tions, J. of Geom. and Physics, 59 (2009), 35-49, DOI:
10.1016/j.geomphys.2008.09.001.
[27] M. Zambon, Reduction of branes in generalized complex geometry, J. of
Symplectic Geometry, 6 (2008), 353-378.
Department of Mathematics
University of Haifa, Israel
E-mail: vaisman@math.haifa.ac.il
31
